I. INTRODUCTION
Free spacecharge field energy leads to emittance growth, a fact known since the pioneering analysis by Lapostolle [I] and utilized by Lee, Yu and BarIetta [2] in another early contribution.
Free energy exists if the initial charge distribution is nonuniform, which is always the case for merging beamlets. Celata et al. [3] analyzed the free energy of a system of four round beamlets located symmetricIilly within a conducting pipe. More recently, Lee 141 ankyzed the general case of N round beamlets having arbitrary currents and positions, w i t h radii also arbitrary except for the restriction that they not overlap. He also obtained an approximation for the case where the conducting pipe is several times larger than the array of N beamlets. With beamlet radii ai, line charges hi, positions 6;, and axray center of mass 6 k (&Xi)-' & 6,, Lee Uf is the difference between the initial field energy and the field energy of a single uniform beam having the same total charge and mean square radius.
We make further analytical progress in Section 11 by specializing Lee's result to the case of identical beamlets all having the same line charge and radius. This simplification leads tQ a clear understanding of how the final emittance depends on the initial beam parameters.
Section IJI analyzes the case of circular arrays, proposed for magnetic fusion injectors [SI.
We show that the normalized free energy Un -+ 4 N-l[3/4 -In 3q + (3/8)q2] as N becomes large.
This expression is useful even for moderate values of N (e-g., 19). It shows that for any chosen radial occupancy factor q, the free energy can be made-arbitrarily low by increasingly fine subdivision. In terms of the number M of rings of beamlets, Un -MV2 for large My the same proportionality as for the case of M sheet beams [6j.
Square arrays (0 rv), sometimes proposed for HE, have configurational free energy which is shown to limit the effect of subdivision and prevent 1/N scaling. In Section V we point out that if a square format is mandated in a large array (e.g. 5x3, then a significant reduction in emittance growth may be obtained by omitting comer beamlets.
IL MERGING IDENTICALBEAMLETS
In the practical case where all N beamlets have the same line charge h, and radius %, Eq. (1) is a2 = aa2+2(14-ai2), the angle brackets indicating an average over all N beamlets. The value of a2 is independent of the choice of origin and we place the origin at the center of mass:
We write the total line charge as Nh, = A and also rearrange terms, so that Eq. (2) becomes
with notation 6i ;
Note that both logarithms now have .02 in the denominator, which makes the scaling more obvious. We see from Eqs. (3) and (4) that Uf is invariant to scale, i.e., for a given configuration of beamlets, Uf just depends on the ratio of beamlet spacings to beamlet size. Of course, the potential rms emittance growlh A€ will depend linearly on the overall scale.
For emittance growth calculations, it is convenient to replace Uf with the normalized free energy Un, which is obtained by dividing Uf by the self-field energy within a uniform beam having the same rms radius [7] . That is, Un = 4Uf (47tq,/A2). Also, the denominators "02 in (4) can be written separately and combined, giving the form used for calculations and for further analysis (App. A): . .
-
We can approximate the emittance growth E w i t h a result [7] derived for axisymmetric beams. The beamlets will not overlap if 0 < q-, < 4/2. The number of beamle,ts per ring is proportional to ring radius. For maximum azimuthal density of beamlets, the proportionality factor would be 27c, but for simplicity we use the factor 6. (There is no distinction for N e 91.) In the model shown in Fig. 1 , the number of beamlets N, including the central beamlet, is related to the number of rings N= 1 + 3M(M+1). For convenience, we introduce the filling factor q, defined as the ratio of the actual beam radius to the maximum radius without overlapping:
(8) Then, using (7) and (8) we can derive from,Eq. (5) our analytic result for large N (Appendix A), . Table 1 . The total number of beamlets ranges from 7 to 4921, with N extended beyond the range of practical interest to show how the results of (5) approach the asymptotic results of (9)-This. approach is indicated both in Fig. 2 and in the NUn columns in Table 1 , where the values tend toward the limits 021056 and 1.7531 obtained from (9).
Rings Beamlets
Un N u n Un M N q = 1.0 q = 1.0 q = 0.5 Various scenarios are possible, depending on what is held constant. As one exakple, let us assume that a given total line charge with a given radius is to be accelerated in one channel of the main accelerator and that this line charge is so large that it is necessary to divide it among at least four pre-accelerator channels-more than four are optional. We also assume that the rms radius R of the pre-mergedm-ay is adusted to match the given merged radius so that R in Eq. (6) does not vary-Then various subdivisions affect the emittance growth only through Ui.
It is clear @om Fig. 2 that the radial packing fraction q plays an important role. With square arrays, Un falls off rapidly from the 2x2 value as N increases for the case q = 0.5 but not for q = 1.0. With -q = 0.5, a 3x3 array cuts U, in half according to Table 3 ; the same result can be obtained with only 7 beamlets in a circular (hexagonal) array-see Table 1 . A 4x4 square array has about 1/4 the free energy of the 2x2 array, and the emittance growth is cut in half.
It is more important to achieve large occupancy: if q + 1, the free energy is reduced by a factor of 10 for the 2x2 case. With q = 1.0, there is little further improvement from subdividing into 3x3 or 4x4 arrays, because the square shape dominates the emittance growth. However, the seven-beamlet hexagonal shape does reduce U, by an additional factor of four.
Oker scenarios exist. For example, one might suppose that the preaccelerated beamlets have predetermined line charges and radii, so that the merged-beam parameters vary with the number of beamlets. Or, one might consider additional mergings after further acceleration. There is not enough space here to discuss all these possibilities. Fig. 2 includes the case of rectangular mays with a 2 1 ratio. This configuration has asymptotic free energy about 10 times larger than for the square configuration, so that there is almost no benefit from subdividing or from increasing q. A wide, thin array could be merged without much emittance growth by using a type of focusing that maintains a ribbon shape, but this would not be feasible for inertial fusion.
V. OTHER SHAPES OF ARRAYS Rectanmlar Arrav

Sauare Arrav with Rounded Comers
The ideal ring-type configuration of Section 111 is feasible for MFE sources and preaccelerators [SI, but probably not for HIF where merging is done with septums, tending to produce square arrays. In such cases, omitting comer beamlets can be advantageous. For example, a5x5 array with ideally thin septums (q + 1.0) would decrease its Un by a factor of 3.3 with the elimination of 4 beamlets. This case is included in Fig. 2 , where removing the comers is seen to lower Un almost to the circular-beam region.
APPENDIX A
Here we derive EQ. (9), which gives the normalized free energy for a round array of beamlets arranged as in Fig. (1) . We consider Eq. -+ ... +--
+ ---. 
M
We now evaluate these three sums. Next, using lable k for beamlets in ring n and lable p for beamlets in m, - 
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